We theoretically investigate the shape of a nanodroplet on a lyophilic elliptical patch in lyophobic surroundings on a flat substrate. To compute the droplet equilibrium shape, we minimize its interfacial free energy using both Surface Evolver and Monte Carlo calculations, finding good agreement between the two methods. We observe different droplet shapes, which are controlled by the droplet volume and the aspect ratio of the ellipse. In particular, we study the behavior of the nanodroplet contact angle along the three-phase contact line, explaining the different droplet shapes. Although the nanodroplet contact angle is constant and fixed by Young's law inside and outside the elliptical patch, its value varies along the rim of the elliptical patch. We find that because of the pinning of the nanodroplet contact line at the rim of the elliptical patch, which has a nonconstant curvature, there is a regime of aspect ratios of the elliptical patch in which the nanodroplet starts expanding to the lyophobic part of the substrate, although there is still a finite area of the lyophilic patch free to be wetted.
■ INTRODUCTION
Equilibrium shapes of nanodroplets, which are positioned on a patterned surface, are of great interest to both fundamental research 1−8 and many industrial applications such as printing, 9 microfluidics, 10 and catalysis. 11 If the nanodroplet is deposited on a homogeneous substrate, then it will form a spherical cap, with a contact angle dictated by Young's law. However, if we pattern the flat substrate with chemical heterogeneities, then the nanodroplet will no longer form a spherical cap but another equilibrium shape with constant mean curvature, which is determined by the Young−Laplace equation. 12 If the length scale of the chemical heterogeneities is much smaller than the length scale of the nanodroplet and if the heterogeneities are regularly and densely distributed over the substrate, then the nanodroplet has the apparent contact angle predicted by the modified Cassie−Baxter law. 13, 14 However, when the chemical heterogeneities are on the same length scale as the nanodroplet itself, a strong coupling of droplet shape and surface heterogeneities emerges. In such a case, we have to numerically minimize the interfacial free energy of the nanodroplet because in three dimensions the minimization problem can often not be solved analytically. 15, 16 The numerical techniques used in calculating the nanodroplet equilibrium shapes include the gradient descent method, 17, 18 metropolis stochastic calculations, 19 hybrid energy minimizations, 20 and lattice Boltzman calculations. 21 Wetting experiments and calculations on isolated chemical defects, such as circular islands 22 and single stripes, 23−26 have shown that the contact angles along the three-phase contact line are determined by the local properties of the substrate, which will be discussed in more detail in the Results section.
In this article, we analyze the morphology of a nanodroplet on a single lyophilic elliptical patch on a flat substrate. The single elliptical patch is an intermediate case between a circular island and a single stripe, but it is qualitatively unique because the rim of the elliptical patch has a nonconstant curvature that affects the nanodroplet equilibrium shape and shape transformations via the Young−Laplace equation. In Figure 1 , we show the possible nanodroplet states we expect to find in this system, which will be explained in more detail further on in the article. These states are analogous to those of the nanodroplet positioned on a single finite lyophilic stripe, 24 with the exception of the long cylindrical drops, which cannot be obtained because of the curvature of the rim of the elliptical patch. We expect two possible pathways, through either state B or state C, because the contact line of the nanodroplet has a tendency to pin itself in the region of the sharp transition of wettability (rim of the elliptical patch), which determines the value of one out of the two principal radii of curvature.
■ THEORETICAL DEFINITION OF THE PROBLEM
Because of the small size of a nanodroplet, we can neglect the effect of gravity. Moreover, for simplicity we ignore line tension contributions. Therefore, the shape of the nanodroplet is controlled by the surface tension among the three phases present in the system 27 (s, solid; l, liquid; and v, vapor). If the droplet is in contact with a flat substrate, described by the plane z = 0, with patterned chemical heterogeneities, then we can write the interfacial free energy E as
where γ ij denotes the surface tension between phases i and j and A ij represents the area of the interface between these two phases. Normalizing the interfacial free energy E with γ lv and using Young's law for the contact angle
Y sv sl lv (2) we obtain the expression for a reduced interfacial free energy E∫
■ NUMERICAL METHODS AND PROCEDURE
We minimize eq 3 under the volume constraint to obtain the equilibrium shape of the nanodroplet. The geometry of our system is presented in Figure 2 , where the origin of the coordinate system (x, y, z) is in the center of the elliptical patch, with large semiaxis a and small semiaxis b. We define ϕ as a viewing angle where the value zero corresponds to the direction of the x axis and R(ϕ) denotes the distance from the center of the elliptical patch, with which we will describe the contact line of the nanodroplet. We define the Young contact angle in our system as 
where θ 1 is always smaller than θ 2 , so the surface of the elliptical patch has an enhanced lyophilicity compared to the rest of the flat substrate. We minimize eq 3 numerically with the Surface Evolver 17, 18 and with Monte Carlo 19 calculations. Surface Evolver, developed by Brakke, is a free software package for minimizing the interfacial free energy; it was used with great success to calculate equilibrium wetting morphologies. 13, 23, 24, 28, 29 After setting the initial shape of the droplet, Surface Evolver triangulates the interface of the nanodroplet and moves the points of each triangle with an energy gradient descent method. The contact area A sl is omitted from the Surface Evolver calculation, and we replace it with the integral of the second term of eq 3. In the Monte Carlo calculation, we use a simulated annealing method to calculate the global minimum of the interfacial free energy (eq 3), with the fluid−fluid interface represented by a grid of points. During the Monte Carlo simulation, a random shift in the morphology of the nanodroplet is introduced, and the interfacial free energy values (eq 3) before and after the shift are compared. If the value of the interfacial free energy is smaller after the shift, then we accept the new morphology. If it is larger, then we assign a probability of accepting the new morphology weighted by a temperature-like parameter T. This procedure is repeated continuously while T is gradually lowered, and the simulation ends when T = 0 (Metropolis algorithm). 19 In all of the presented calculations, we use the large semiaxis a as our unit of length, and we consider different aspect ratios b/a by tuning the small semiaxis b and different volumes V/a 3 of the nanodroplet. The values of the Young's contact angles in all calculations are set to θ 1 = 30°(lyophilic patch) and θ 2 = 60°(lyophobic surface). First, we position the nanodroplet center of mass above the center of the elliptical patch, and we set the nanodroplet initial volume to V = 0.01a 3 . After calculating the nanodroplet equilibrium shape, i.e., corresponding to the minimum in the interfacial free energy, we increment the nanodroplet volume by ΔV = 0.01a 3 and recalculate its equilibrium shape. We repeat this process until we reach V = a 3 .
■ RESULTS
When the nanodroplet is sufficiently small to have the whole three-phase contact line inside the elliptical patch or when it is large enough to have the whole contact line outside the elliptical patch, the nanodroplet has a spherical-cap shape, with the contact angle defined by eq 4. We analytically calculate threshold volumes V min and V max of the nanodroplet, for which the nanodroplet is, respectively, too large to form the sphericalcap shape inside the patch or sufficiently large to form the 
which correspond, using θ 1 = 30°and θ 2 = 60°, to V min ≈ 0.431b 3 and V max ≈ 1.007a 3 .
For all values of the nanodroplet volume between threshold volumes V min and V max , the nanodroplet will be in one of the following four possible morphologies:
• Droplet state A: the nanodroplet has a part of the threephase contact line pinned at the rim of the elliptical patch, and the rest of the contact line is located inside the elliptical patch. As we increase its volume, the nanodroplet can evolve to droplet state B or C, depending on the aspect ratio of the elliptical patch.
• Droplet state B: the nanodroplet partially spreads outside the elliptical patch, although the elliptical patch (which is more lyophilic) is not fully wetted.
• Droplet state C: the whole three-phase contact line of the nanodroplet is pinned at the rim of the elliptical path.
• Droplet state D: part of the nanodroplet contact line is still pinned to the rim of the elliptical patch, and the rest of the contact line is outside of the elliptical patch. Both states B and C undergo a morphological transformation to state D once the volume has become sufficiently large. In Figure 3 , we present results for the equilibrium shapes of a nanodroplet on an elliptical patch of aspect ratio b/a = 0.7 as obtained from Monte Carlo simulations for varying droplet volumes V as labeled. The results as obtained from the Surface Evolver are very similar (Figure 4) . We find that the shape transformation proceeds via droplet state C to state D as anticipated in Figure 1 upon increasing the droplet volume V.
We now focus on the properties of the three-phase contact line and the local contact angle of the nanodroplet. In Figure 4 , we show the position of contact line R(ϕ) and local contact angle θ(ϕ) as a function of viewing angle ϕ for different volumes of the nanodroplet, corresponding to different droplet states. For the chosen aspect ratio of elliptical patch b/a = 0.4, the nanodroplet will undergo the transformation from droplet state A to state B, therefore avoiding state C. We notice from these results that along the contact line of the nanodroplet the local contact angle is exactly the Young's angle predicted from eq 4 if the contact line is locally either inside (θ 1 ) or outside (θ 2 ) the elliptical patch. However, when the contact line is exactly at the rim of the elliptical patch, Young's law cannot be obeyed 12, 24 and the local contact angle has a value of between θ 1 and θ 2 . Although Young's law cannot be obeyed, the net force exhibited on the nanodroplet is zero as a result of the inversion symmetry of the system with respect to the x and y axes. When the nanodroplet volume reaches the value of V min , the contact line starts touching the rim of the elliptical patch, and at this point, the local contact angle starts increasing and the nanodroplet transforms from state A to state B. As we further increase the volume of the nanodroplet, once the value of the local contact angle reaches θ 2 , the contact line of the nanodroplet will locally leave the rim of the elliptical patch and will move outside the patch. Because the rim of the elliptical patch has a nonconstant curvature, the nanodroplet cannot have an equilibrium morphology where the local contact angle has a value of θ 2 and is constant along the contact line in regions where it is pinned to the rim. This fact determines whether the growing nanodroplet will go through state B or state C. For a given volume, when R(90°) = R(270°) = b and θ(90°) = θ(270°) = θ 2 , if R(0°) = R(180°) < a, then the nanodroplet will undergo a morphological transition from state A to state B. Instead, if R(0°) = R(180°) = a, then the nanodroplet will be in state C. Both states B and C eventually go through the transition to state D. Once the nanodroplet volume reaches the value of V max , the nanodroplet equilibrium shape is a spherical cap with a Young's contact angle of θ 2 .
We can study the transitions in a clearer way if we expand the function R(ϕ) into a (truncated) harmonic series as
In Figure 5 , we present coefficients from eq 7 as a function of the volume of the nanodroplet for three different aspect ratios, which represent three different scenarios of droplet states. As already mentioned, for the value of the aspect ratio of elliptical patch b/a = 0.4 (Figure 5a ), the nanodroplet cannot wet the elliptical patch in state C, whereas for b/a = 0.7 (Figure 5b) , the nanodroplet cannot be in state B, which is visible from constant coefficient values for different values of the volume of the nanodroplet. (The contact line has the same position for different values of the volume of the nanodroplet.) Once the value of coefficient c 1 reaches its global maximum, the nanodroplet goes through a morphological transition from state A to either state B or C, depending on the values of R(0°) and R(90°) when θ(90°) and θ(270°) reach θ 2 . As the volume becomes larger, all of the higher harmonics go to zero because the nanodroplet becomes a spherical cap again. 22 We notice that for a circular patch, where b/a = 1 (Figure 5c ), all of the higher harmonics remain zero for any volume of the nanodroplet because the nanodroplet has a spherical cap shape for any volume. Small deviations of the harmonics close to nanodroplet volume V = a 3 are a numerical artifact from Surface Evolver due to a complicated definition of the interfacial energy on the flat substrate for this particular system. We summarize all of our results in the state diagram presented in Figure 6 , where we show the nanodroplet morphological states with respect to nanodroplet volume V and elliptical patch aspect ratio b/a. Note that the presented state diagram holds for inside-patch and outside-patch Young's contact angles given by θ 1 = 30°and θ 2 = 60°, respectively, so it can be quantitatively different for other combinations of these two values.
■ CONCLUSIONS
We have calculated the equilibrium shapes of nanodroplets on elliptical patches of enhanced lyophilicity with two different numerical methods and have obtained good agreement between the two methods. With this work, we have connected the equilibrium shapes of a nanodroplet on isolated circular islands and the single stripe with all of the intermediate cases with varying aspect ratio b/a of the elliptical patch. We calculated all of the threshold volumes at which a morphological transition occurs for the given Young's angles (θ 1 = 30°and θ 2 = 60°), which are summarized in Figure 6 . The droplet states that we observe are similar to those reported on single lyophilic stripes. 23−25 However, because of the curvature of the rim of the elliptical patch, we do not observe long cylindrical drops on the elliptical patch. For practical applications of the elliptical patch, such as in catalysis, the separation of the aspect ratio of the elliptical patch into two regimes, either state B or state C, is an important result. If we think of chemical patterning as an investment in the substrate to be more efficient (isolation of a certain liquid on the patch), then the expansion of the contact line of the nanodroplet outside of the elliptical patch when there is still area available inside the elliptical patch is an inefficient way of patterning.
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